Abstract.
Introduction. In a recent paper Albasiny and Hoskins have found attainable
bounds for the infinity norm of the inverse of the matrix arising from interpolation with an odd degree periodic polynomial spline on a uniform mesh. Their methods can be generalized and apply to a larger class of circulant matrices which includes the matrices arising from interpolation with even degree periodic polynomial splines on a uniform mesh. The results are sharpened in that, although the above-mentioned bound is not attained for odd order matrices, it can now be shown that as the order increases the actual infinity norm approaches the bound.
The bound on the infinity norm of the inverse of these particular matrices is useful in the error analysis which examines the accuracy with which various derivatives of a smooth periodic function are approximated by an interpolating periodic polynomial spline on a uniform mesh. In [3] this error analysis is given for odd degree splines and with the help of [5] and the results developed here, this error analysis can be carried out for even degree splines.
The first part of this paper is concerned with the general results on the infinity norms while the second part shows that these results apply to even degree splines and that the bounds obtained can be very simply expressed in terms of Euler numbers. has 2r negative real zeros, not equal to -1 (denoted by ~bk, -l/£>fc with bk > 1, k = 1, 2, . . . , r). Throughout this section it is assumed that the symbol a¡ represents numbers chosen as above.
Theorem 2.1. Let A be the n x n symmetric circulant, The proof for n even is a generalization of a proof in [3] , and the ideas for the proof for «odd are contained in [4] . It follows from a succession of theorems in this section. To make the statements of these theorems simpler, a matrix related to matrix A whose inverse has the same infinity norm as A~x is now defined. Let the matrix B be B -SAST, where Sis the diagonal matrix diag(l, -1, . . . , (-l)"_1)"XnBefore stating the next theorem, it must be observed that the quantity L in Eq. (2.1) is F(-1) and is a positive number, as can be seen if F(x) is written in the form Hx)=a0 n bk(l +xlbk)(\ +x-l/bk).
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License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Theorem 2.2. The matrix A is positive definite with its smallest eigenvalue being L when n is even and approaching L from above when n is odd and increasing.
Proof. Since A is a circulant, its eigenvalues are known explicitly and are F(wm) where wm = exp(2mm/n), m-\,2.n, [7] . Proof. The methods in [3] can be generalized to show \\B~l\\ < l/L, but the following proof, which is similar to the one for Theorem 2.3, shows that for n odd, 3. Application to Even Degree Splines. A restricted form of the theorems in the previous section has already been applied in an error analysis with odd degree splines [3] . In this section it is shown that the theorems also apply to even degree periodic splines, and a similar error analysis could be performed using [5] .
The matrix arising from even degree periodic splines of degree TV is has N negative roots none of which equals-1. In [2, p. 135] the analogous theorem for odd degree splines is proven, and the same method of proof applies here. Using the recurrence relation from [6] c,+ i/2,iv+i =(f + M2)ci+i/2Jf+(N-i + 3/2)ci_l/2jf, and an inductive argument, the polynomial pN(x) is seen to satisfy the recurrence relation
Again using induction, it is possible to prove that pN(x)h.?& N distinct negative roots. This polynomial is symmetric, TV is even and the N roots are distinct; thus, none of the roots can equal -1.
Having seen that the theorems of the previous section apply to the matrices from even degree splines, it is now desirable to express the bound on the infinity norm in simple terms. For the matrices arising from odd degree splines this bound can be expressed in terms of Bernoulli numbers [3] , while for the matrices associated with even degree splines, it is expressed in terms of Euler numbers. The bound for the matrix arising from even degree splines, Eq. (3.1), is
The generating function for the coefficients ci+1,2/v-is [5] , and letting z = -e* and then x = 0, Nowe*/2/(l + e*)is1¿sechx/2,sofrom [l,p. 85]
L= (-\fl2EN, where ¿^ is the Nth Euler number. If/is a periodic function and s a periodic spline of even degree interpolating to/ at a uniform set of knots, then the following error bounds may be obtained (as in [3] ), where the norm of a function is the maximum absolute value of the function at the knots. Uxbridge, England
